Nonimmersion theorems for Grassmann manifolds  by Mayer, Karl Heinz
Topology and its Applications 96 (1999) 171–184
Nonimmersion theorems for Grassmann manifolds
Karl Heinz Mayer 1
Fachbereich Mathematik, Universität Dortmund, 44221 Dortmund, Federal Republic of Germany
Received 10 October 1997; received in revised form 17 December 1997
Abstract
The Atiyah–Singer fixed point theorem is used to compute characteristic numbers of Grassmann
manifolds, which are related to the immersion and embedding into the Euclidean space. Ó 1999
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1. Introduction
It is an old problem in topology to determine for a concrete compact smooth n-
dimensional manifold M the least integers j , such that M can be immersed or embedded
into the Euclidean space of dimension j . Lower bounds for these numbers are obtained
from the theory of characteristic classes. The explicit computation of the characteristic
numbers, which are relevant to the problem, is usually a difficult task, even if the
cohomology and the characteristic classes of the manifold are well known. Now it
is possible to compute characteristic numbers by the Atiyah–Bott–Singer Lefschetz
formula [3,6] (see, e.g., Mong [16], Shanahan [22]). In the present paper this method is
used to compute characteristic numbers of the Grassmann manifolds, which are related
to the nonimmersion problem. For this reason we consider an action of the circle group,
having a finite number of fixed points. Then we use the Atiyah–Singer fixed point formula
to compute the characteristic numbers from local terms at the fixed points.
The layout of the paper is as follows. In Section 2 we recall a known result
about immersions and embeddings, which is later used, and we explain the way of
the computations. In Section 3 we carry through the computations for the complex
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Grassmann manifolds. These yield a result, which was first proved by Sugawara [23] using
different methods for the computation of the characteristic numbers. Section 4 contains
the computations for the quaternionic Grassmann manifolds. Section 5 deals with real
Grassmann manifolds. Here our methods only work for even-dimensional manifolds with
spin structure. The characteristic numbers, which are computed in this case, are the same
as those of some quaternionic Grassmann manifolds.
2. Results on the immersion of manifolds and the computation of characteristic
numbers via the Atiyah–Singer fixed point formula
Throughout this section M denotes a compact oriented smooth manifold of dimension
2n without boundary. Let K(M) and KO(M) be the complex, respectively the real K-ring
of M . i∗ : KO(M)→ K(M) denotes the homomorphism induced by complexification of
real vector bundles, and ch :K(M)→ H ∗(M;Q) is the Chern character homomorphism.
We write ch(M) and chO(M) instead of ch(K(M)), respectively ch(i∗KO(M)). The
rational cohomology class z ∈ ch(M) can be written as z =∑i zi with zi ∈ H 2i (M,Q),
and we use the notation z(t) =∑i t izi . For any d ∈ H 2(M;Z) and any z ∈ ch(M) we
define the characteristic polynomial
Aˆ
(
M, d2 , z
(t)
)= ed/2z(t)Aˆ(M)[M], (2.1)
where Aˆ(M) denotes the total Hirzebruch Aˆ -class of M , given by the multiplicative
sequence 12
√
x/ sinh( 12
√
x), and [M] is the fundamental homology class of M . The
expression Aˆ(M, d2 , z
(t)) is a polynomial in t , and is called the Hilbert polynomial of
(M,d, z). It will in the sequel be denoted by H(t). If d ≡ w2(M)mod2, then H(t) is
known to be an integer for all integers t . With these notations the following nonimmersion
theorems hold (see Atiyah–Hirzebruch [4] and Mayer [14]).
Proposition 2.1. If M can be immersed into R2n+k , with k = 2s or k = 2s + 1, then
2n+sH ( 12 ) is an integer. IfM can be embedded intoR2n+2s , then 2n+s−1H( 12 ) is an integer.
Proposition 2.2. Assume that n= 2m, d = 0, z ∈ chO(M), and let k = 2s, or k = 2s+ 1.
(a) If M can be immersed into R4m+k and k = 2s, and 2m + s ≡ 1,2,3 mod4, or
k = 2s + 1 and 2m+ s ≡ 1,2 mod4, then 22m+s−1H( 12 ) is an integer.
(b) IfM can be embedded into R4m+2s and 2m+ s ≡ 2 mod4, then 22m+s−2H( 12 ) is an
integer.
When z is the Chern character of a complex vector bundle ξ , and d ≡ w2(M)mod2,
then Aˆ(M, d2 , z) is the index of an elliptic differential operator D. We assume now that
on M is given a smooth S1-action with a finite number of fixed points p1, . . . , ps , that ξ
is an S1-equivariant complex vector bundle, and that d is the first Chern class of an S1-
equivariant complex line bundle ζ . In this case the elliptic operatorD may be chosen as an
equivariant operator (see, e.g., Mayer–Schwarzenberger [15] or Schwarz [21]). D has an
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equivariant index, which is an element Γ (M,d, z, g) of the complex representation ring
R(S1) = Z[g,g−1]. By the Atiyah–Singer fixed point theorem [6] the equivariant index
can be expressed by local data of the fixed point set. The operator D is an operator of the
Dirac type and is constructed by using a principal bundle Q over M with structure group
Spin(2n), when d = 0, and with structure group Spinc(2n),when d 6= 0. It will be assumed
that the S1-action on the tangent bundle and the S1-action on the complex line bundle ζ
both are induced by a S1-action on the principal bundle Q. This assumption is not really
a restriction since it is always possible to find a S1-action on Q which induces the given
action of S1 on M and ζ , or one which induces a double covering of the given actions (see
Atiyah–Hirzebruch [5] and Schwarz [21]). In the latter case we define a new action on M ,
ξ and ζ , which is induced by the action on Q. Then all rotation numbers of the original
actions are doubled.
Now let pi be one of the isolated fixed points of the S1-action. The restriction of the S1-
action on the tangent bundle TM to the fibre Mpi over pi is a representation of S1, which
is completely determined by a set of not necessarily distinct positive integers m1, . . . ,mn.
It is possible to choose the orientation ofMpi so that Mpi can be expressed as a direct sum
Mpi =
n⊕
j=1
V (mj ), (2.3)
where the V (mj ) are 1-dimensional complex vector spaces, and S1 operates on V (mj )
by g · v = gmj v for all g ∈ S1 and all v ∈ V (mj ). The bundles ξ and ζ are complex
vector bundles. The restriction of the S1-action on ζ to the fibre over pi is described by a
single integer m, and the restriction of the S1-action on ξ to the fibre over pi is a complex
representation with character χi . With these notations the local expression at pi is given
by the term χi(g)γi(g) with
γi(g)= εigm/2
∏
j
(g−mj /2 − gmj /2)−1,
where εi = 1, when the natural orientation of Mpi is the same as the orientation defined
by the complex structure which was introduced by (2.3), and εi =−1 when Mpi has the
opposite orientation. By the Atiyah–Singer fixed point theorem the value of the equivariant
index on a generating element g ∈ S1 can be expressed by the local terms:
Γ (M,d, z, g)=
s∑
i=1
χi(g)γi(g). (2.4)
By our assumption the S1-actions on M , ξ , ζ are induced by an action on Q. Therefore
the functions in (2.4) are rational functions in g and not merely in g1/2. It is possible to
extend both functions to rational functions on the complex planeC. The function on the left
hand side is a polynomial in g and g−1, and considered as a rational function on C, it has
only one singularity at 0. The function on the right hand side has only a finite number of
singularities. Those singularities which are different from 0 are all lying on the unit circle.
Since the Eq. (2.4) holds for a generating element g of S1 and all powers of g, the equation
holds for all g ∈ C. Therefore the singularities of the rational function on the right hand
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side of the Eq. (2.4) which are different from 0 are removable, and it is possible to compute
Aˆ(M, d2 , z)= Γ (M,d, z,1) from the term on the right hand side of (2.4) as a limit for g
going to 1. From the definition of the complexK-groups it is clear that Eq. (2.4) also holds,
when z= ch(w) for an arbitrary element w of the S1-equivariant complexK-ring of M .
For any λ-ringR and any positive integer t the Adams operationsψt :R→R are defined
(see Adams [1], Atiyah [2]). The Adams operations have the following fundamental
properties:
(i) ψt (x + y)=ψt (x)+ψt (y) for all x, y ∈R.
(ii) If λi(x)= 0 for i > 1, then ψt (x)= xt .
(iii) ψt is natural under homomorphisms of λ-rings.
Using these properties and the splitting principle it is easy to see that for any w ∈ K(M)
and z= ch(w) and for any positive integer t we have
ch
(
ψt (w)
)=ψt ( ch(w))= z(t).
Let t be an integer, and let w be an element of the ringKS1(M) of S1-equivariant complex
vector bundles overM . The restriction r(w) ofw to an isolated fixed point pi is an element
of the complex representation ring of S1. Denote the character of this representation by χ .
Every complex representation of S1 is the direct sum of one dimensional representations.
It follows from property (iii), that for all g ∈ S1 the value of the character of r(ψt (w)) at
g is equal to χ(gt ).
Now we are in the position to express the character Γ (M,d, z(t), g) using the terms of
the Eq. (2.4).
Γ (M,d, z(t), g)=
s∑
i=1
χi(g
t )γi(g). (2.5)
Eq. (2.5) holds for all positive integers t and for all complex numbers g different from zero.
We denote the term on the right hand side by γ (g, t). The function γ (g, t) is defined for
all t ∈C and for all g ∈C with positive real part which are different from the finite number
of singularities of the functions γi . For each fixed point pi the local term χi(gt )γi(g) has
a pole of order 6 n at 1, and therefore it has a Laurent expansion in 1 of the form
∞∑
j=−n
pij (t)(g − 1)j ,
where pij (t) is a polynomial in t . The function γ (g, t) is the sum of the local terms and
has in 1 a removable singularity for all positive integers t . This implies that the polynomial
qj (t)=
s∑
i=1
pij (t), with j < 0,
vanishes for all positive integers t , and therefore vanishes for all t . The limit of γ (g, t)
for g going to 1 is a polynomial q0(t). Since q0(t) =H(t) for all positive integers t , this
equality holds for all t .
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Let F either denote the field R of real numbers, the field C of complex numbers or
the skew field H of the quaternions, and let d(F) = dimR(F). The vector space Fn is
equipped with the usual scalar product. When F=H, then all vector spaces over H shall
be right vector spaces. For all positive integers k, n, with k < n, the Grassmann manifold
Gk(Fn) is defined as the space of k-dimensional F-linear subspaces of Fn. Gk(Fn) is a
compact smooth manifold of dimension d(F)k(n − k). The tangent bundle of Gk(Fn)
is isomorphic to HomF(γk, γ⊥k ), where γk denotes the canonical k-dimensional vector
bundle over Gk(Fn), and γ⊥k denotes the (n − k)-dimensional vector bundle, which is
the orthogonal complement of γk (see Lam [12]). This isomorphism is an equivariant
isomorphism for the S1-actions to be defined in the following sections.
3. The complex Grassmann manifolds Gk(Cn)
Let S1 act on Cn by g(x1, . . . , xn) = (gx1, g2x2, . . . , gnxn) for all g ∈ S1 and all
(x1, . . . , xn) ∈Cn. The S1-action defines a S1-action on the complex Grassmann manifold
Gk(Cn). The fixed points of this action are the points Pi1···ik = [ei1, . . . , eik ] for 1 6
i1 < · · · < ik 6 n, where e1, . . . , en are the standard base vectors of Cn, and [ei1,
. . . , eik ] denotes the subspace of Cn, which is spanned by the vectors ei1 , . . . , eik . The
normal bundle at the fixed point Pi1···ik is equal to the tangent space of Gk(Cn) at
Pi1···ik , and is equivariant isomorphic to HomC([ei1, . . . , eik ], [ej1, . . . , ejn−k ]), where 1 6
j1 < · · · < jn−k 6 n and {i1, . . . , ik} ∪ {j, . . . , jn−k} = {1, . . . , n}. The orientation is
given by the complex structure. The action of S1 induced on this space is defined by
(g ·f )(x)= gfg−1(x). A complex base of HomC([e1, . . . , eik ], [ej1, . . . , ejn−k ]) is given by
the elements fµν for all (µ, ν) ∈ {1, . . . , k}× {1, . . . , n− k}, where fµν denotes the unique
C-linear map fµν : [ei1, . . . , eik ] → [ej1, . . . , ejn−k ] with fµν(eiµ) = ejν and fµν(eiκ ) = 0
for κ 6= µ. For any g ∈ S1 we have g · fµν = gjν−iµfµν , where on the right-hand side we
have multiplication with the complex number gjν−iµ . Using the complex structure we get
the rotation numbers jν − iµ. As the complex line bundle ζ we take Λk(n−k)τCGk(Cn)
where τCGk(Cn) denotes the complex tangent bundle of Gk(Cn). The first Chern class c1
of ζ is equal to the first Chern class of τCGk(Cn), and ζ is an equivariant complex line
bundle, which has at Pi1···ik the rotation number
∑
κ,λ(jκ − iλ) with jκ and iλ as above.
For the additional equivariant complex vector bundle ξ we take the line bundle ξ =Λkγk ,
where γk denotes the canonical k-dimensional complex vector bundle over Gk(Cn). ξ has
at Pi1···ik the rotation number
∑k
κ=1 iκ . We take z= ch(ξ).
Using these bundles the local terms on the right hand side of (2.5) at the fixed points
Pi1···ik take the form
(−1)W(i1,...,ik )gt
∑
κ iκ g
1
2
∑
κ,λ(jλ−iκ )
∏
κ,λ
1
g−|jλ−iκ |/2 − g|jλ−iκ |/2 ,
where W(i1, . . . , ik) denotes the number of pairs (κ,λ) such that iκ > jλ. We get the right
hand side γ (g, t) of (2.4) by summing up the local expressions for all fixed points
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γ (g, t)=
∑
16i1<···<ik6n
gt
∑
κ iκ g
1
2
∑
κ,λ(jλ−iκ )
∏
κ,λ
(
g−(jλ−iκ )/2 − g(jλ−iκ )/2)−1
=
∑
16i1<···<ik6n
gt
∑
κ iκ
∏
κ,λ
g(jλ−iκ )/2
g−(jλ−iκ )/2 − g(jλ−iκ )/2
=
∑
16i1<···<ik6n
gt
∑
κ iκ
∏
κ,λ
gjλ
giκ − gjλ
=
∑
16i1<···<ik6n
gkn(n+1)/2g(t−k)
∑
κ iκ
∏
κ,λ
1
giκ − gjλ
= (−1)k(n−k)gkn(n+1)/2
×
∑
16i1<···<ik6n
(−1)W(i1,...,ik )g(t−k)
∑
iκ
V (i1, . . . , ik)V (j1, . . . , jn−k)
V (1, . . . , n)
,
where V (i1, . . . , ik) denotes the Vandermonde determinant with lines (1, giκ , . . . , g(k−1)iκ )
for κ = 1, . . . , k and V (j1, . . . , jn−k), respectively V (1, . . . , n) are Vandermonde determi-
nants defined in an analogous way. From the Laplace expansion theorem for determinants
we see that
γ (g, t)= (−1)k(n−k)gkn(n+1)/2 |g
i(t−k)gi(t−k+1) · · ·gi(t−1)1gigi(n−k−1)|i=1,...,n
|1gig2i · · ·g(n−1)i |i=1,...,n ,
where we write up one line of the determinant and the numbers the index is running
through. The determinant in the numerator can be written as
gkt−k(k+1)/2+(n−k)(n−k−1)/2|gi(t−k)gi(t−k+1)gi(t−1)1gi · · ·gi(n−k−1)|i=0,...,n−1
and the determinant is also a Vandermonde determinant. For computing the limit for g→ 1
it is enough to compute the limit of
|gi(t−k) · · ·gi(t−1)1gigi(n−k−1)|i=0,...,n−1
|1gi · · · · · ·g(n−1)i |i=1,...,n
=
∏
16µ<ν6k
gt−ν − gt−µ
gµ − gν
∏
06κ<λ6n−k−1
gκ − gλ
gk+1+κ − gk+1+λ
×
∏
16ρ6k,
06σ6n−k−1
gt−ρ − gσ
gρ − gk+1+σ
for g→ 1. We use L’Hospital’s rule and get
γ (1, t)= (−1)k(n−k)
k∏
ρ=1
n−k−1∏
σ=0
t − ρ − σ
ρ − (k + 1+ σ) =
k∏
ρ=1
(t − ρ)n−k/(n− ρ)n−k,
where sk = s(s − 1) · · · (s − k + 1) for any real number s and any positive integer k.
So far it is not clear that the action of S1 on Gk(Cn) can be lifted to an action of S1
on the principal Spinc-bundle. But it is easy to see that γ (1, t) is not changed, when all
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rotation numbers in γ (g, t) are doubled. From Section 2 if follows, that γ (1, t) = H(t),
where H(t) is the Hilbert polynomial of (Gk(Cn), c1, z).
Now let α(q) denote the number of ones in the dyadic expansion of the rational
number q . If ν2(q) denotes the exponent of 2 in the prime factorization of the rational
number q , we find
ν2
(
H
( 1
2
))=−2k(n− k)+ k∑
ρ=1
(
α(n− ρ)− α(k − ρ)).
Proposition 3.1 (T. Sugawara). The complex Grassmann manifold Gk(Cn) does not
immerse into the Euclidean space of dimension 4k(n−k)−2∑kρ=1(α(n−ρ)−α(k−ρ))−
1, and does not embed into the Euclidean space of dimension 4k(n− k)− 2∑kρ=1(α(n−
ρ)− α(k − ρ)).
Remark. First results on non immersion and non-embedding of complex Grassmann
manifolds were proved by Hoggar [9] and Ilori [11]. The result of Proposition 3.1 was
proved by Sugawara in [23]. He was successful in computing the characteristic numbers
of Proposition 2.1 by using methods of Borel and Hirzebruch [7] from the theory of Lie
groups. The paper of Sugawara contains improvements for n odd under some additional
conditions.
4. The quaternionic Grassmann manifolds Gk(Hn)
Let S1 act on Hn by g · (x1, . . . , xn) = (gx1, g2x2, . . . , gnxn) for all g ∈ S1 and all
(x1, . . . , xn) ∈ Hn. This S1-action defines a S1-action on the quaternionic Grassmann
manifold Gk(Hn). The fixed points are the points Pi1···ik = [ei1 , . . . , eik ] with 1 6 i1 <
· · · < ik 6 n, where e1, . . . , en are the standard base vectors of Hn. The tangent bundle
of Gk(Hn) is equivariant isomorphic to the real vector bundle HomH(γk, γ⊥k ). The
real vector bundle HomH(γk, γ⊥k ) has a natural orientation. Take P ∈ Gk(Hn) and let
a1, . . . , ak be a H-base of P = [a1, . . . , ak] and let b1, . . . , bn−k be an H-base of the H-
subspace of Hn orthogonal to [a1, . . . , ak]. In HomH([a1, . . . , ak], [b1, . . . , bn−k]) let f ρµν
be the uniquely defined H-homomorphism with f ρµν(aκ) = δκµbνρ for all κ ∈ {1, . . . , k}
and µ ∈ {1, . . . , k}, ν ∈ {1, . . . , n − k}, ρ ∈ {1, i, j, k}. The f ρµν are a real base of
HomH([a1, . . . , ak], [b1, . . . , bn−k]). We use the orientation defined by(
f 111, f
i
11, f
j
11, f
k
11, f
1
12, f
i
12, . . . , f
k
k,n−k
)
.
The reader should not be confused by the fact that the upper index k denotes the
canonical base element k of H, whereas the lower index k denotes a positive integer.
Using this orientation and taking aν = eiν , bν = ejν we find that the rotation numbers
of the tangent bundle at the fixed point Pi1···ik are the numbers iµ + jν and |iµ − jν |.
The orientation at the fixed point Pi1···ik is (−1)W(i1,...,ik ) where W(i1, . . . , ik) denotes the
number of pairs (iκ , jλ) such that iκ > jλ.
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Gk(Hn) is a spin manifold of dimension 4k(n − k). The canonical bundle γk over
Gk(Hn) is an equivariant 2k-dimensional complex vector bundle with rotation numbers at
Pi1···ik equal to ±i1,±i2, . . . ,±ik. Every element α of the complex representation ring of
the symplectic group Sp(k) defines in a natural way an element α(γk) of the S1-equivariant
K-group of Gk(Hn). The restriction of α(γk) to the fixed point Pi1···ik is an element of
R(S1). There exists an element σk ∈R(Sp(k)) such that the restriction of σk(γk) to Pi1···ik
has character Θ with
Θ(g)=
k∏
κ=1
(
giκ + g−iκ )
(see, e.g., Husemoller [10]). We take z= ch(σk(γk)).
Gk(Hn) is a spin manifold, and the sum of the rotation numbers of the tangent bundle
is even at all fixed points. For this case it is known from [5, 2.4], that the S1-action can be
lifted to a S1-action on the principal spin bundle. The function γ (g, t) on the right hand
side of the fixed point formula (2.4) takes the form
γ (g, t)=
∑
16i1<···<ik6n
k∏
κ=1
(gtiκ + g−t iκ )
∏
µ,ν
1
g−(jν−iµ)/2 − g(jν−iµ)/2
× 1
g−(jν+iµ)/2 − g(jν+iµ)/2
=
∑
16i1<···<ik6n
k∏
κ=1
(gtiκ + g−t iκ )
∏
16µ6k,
16ν6n−k
1
(g−jν + gjν )− (giµ + g−iµ )
=
∑
16i1<···<ik6n
(−1)W(i1,...,ik )
k∏
κ=1
(gtiκ + g−t iκ )
× V (ai1, . . . , aik )V (aj1, . . . , ajn−k )
V (a1, . . . , an)
,
where ai = gi + g−i , and V (u1, . . . , us)= |1, ui, u2i , . . . , us−1i | denotes the Vandermonde
determinant of the elements u1, . . . , us . We set bi(t)= gti + g−t i . Then γ (g, t) is equal to
|bi(t), bi(t)ai, . . . , bi(t)ak−1i ,1, ai, . . . , an−k−1i |
V (a1, . . . , an)
. (4.1)
Now assume that 2k 6 n, and set t = 12 and xi = gi/2 + g−i/2. Then
γ
(
g, 12
)
= |xi, x
3
i , . . . , x
2k−1
i ,1, x
2
i , . . . , x
2(n−k−1)
i |
|1, x2i , x4i , . . . , x2(n−1)|
. (4.2)
The denominator can be written as∣∣1, xi, x2i , . . . , xn−1i ∣∣∏
i<j
(xi + xj ).
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We are interested in the limit for g going to 1, i.e., for xi going to 2. For n = 2k and
n= 2k + 1 it is easy to see, that
γ
(
1, 12
)=±2−n(n−1).
When n> 2k+ 2, then we define
Q(x1, . . . , xn)=
∣∣1, xi, . . . , x2ki , x2k+2i , . . . , x2(n−k−1)i ∣∣
and
V (x1, . . . , xn)=
∣∣1, xi, x2i , . . . , xn−1i ∣∣.
With this notation Eq. (4.2) becomes
γ
(
g, 12
)=±Q(x1, . . . , xn)
V (x1, . . . , xn)
∏
i<j
1
xi + xj , (4.3)
and the remaining problem is to study the term Q(x1, . . . , xn) · V (x1, . . . , xn)−1 for
x1, . . . , xn going to 2.
Proposition 4.1.
lim
x1,...,xn→2
Q(x1, . . . , xn)
V (x1, . . . , xn)
= 2(n−2k−1)2 · (2k+ 2)2k+1(2k+ 4)2k+1 · · · (2(n− k − 1))2k+1
(2k+ 1)2k+1(2k+ 2)2k+1 · · · (n− 1)2k+1 .
Proof. Q(x1, . . . , xn) is a generalized Vandermonde determinant and
Q(x1, . . . , xn)= V (x1, . . . , xn)P (x1, . . . , xn),
where P(x1, . . . , xn) denotes a symmetric polynomial in x1, . . . , xn. Therefore it is clear
that the limit exists. Now we apply a sort of generalized mean value theorem (see Pólya–
Szegö [20, p. 54]). We assume that x1, . . . , xn are positive real numbers with x1 < x2 <
· · ·< xn, and we consider the function
f (x)=Q(x1, . . . , xn−1, x)− Q(x1, . . . , xn)
V (x1, . . . , xn)
V (x1, . . . , xn−1, x).
The function f vanishes for x = xn−1 and for x = xn. By Rolle’s theorem there exists a
ξn, such that xn−1 < ξn < xn and f ′(ξn)= 0. Let ∂i denote the partial derivative to the ith
variable xi and let D denote the differential operator
D = ∂2 · ∂23 · · ·∂2k2k+1∂2k+12k+2 · · ·∂2k+1n .
Repeatedly applying Rolle’s theorem it is proved that there exist real numbers ξ2, . . . , ξn
such that x1 < ξ2 < ξ3 < · · ·< ξn < xn and
DQ(x1, ξ2, . . . , ξn)− Q(x1, . . . , xn)
V (x1, . . . , xn)
DV (x1, ξ2, . . . , ξn)= 0.
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We find
DQ(x1, ξ2, . . . , ξn)= 2!3! · · ·(2k)!(2k+ 2)2k+1 · · ·(
2(n− k − 1))2k+1ξ2k+2 · · · ξn V (ξ2k+2, . . . , ξn) ∏
2k+26i<j6n
(ξi + ξj )
and
DV (x1, ξ2, . . . , ξn)= 2!3! · · ·(2k)!(2k+ 1)2k+1 · · · (n− 1)2k+1V (ξ2k+2, . . . , ξn).
When x1, . . . , xn→ 2, then x1, ξ2, . . . , ξn→ 2 and
lim
x1,...,xn→2
Q(x1, . . . , xn)
V (x1, . . . , xn)
= lim
x1,ξ2,...,ξn→2
DQ(x1, ξ2, . . . , ξn)
DV (x1, ξ2, . . . , ξn)
.
This yields the desired formula. 2
From (2.5) we know that γ (1, 12 )=H( 12 ), where H(t) denotes the Hilbert polynomial
of (Gk(Hn),0, ch(σk(γk)). Proposition 4.1 and (4.3) give
H
( 1
2
)=±2−n(n−1)2(n−2k−1)2 n−2k−1∏
j=1
(2(k + j))2k+1
(2k + j)2k+1 .
Now it is easy to see that
ν2
(
H
( 1
2
))=−4k(n− k)+ 2k+ n−1∑
j=2k+1
α(j)−
n−k−1∑
j=k+1
α(j).
This last equality is seen to hold also for n= 2k and n= 2k+ 1.
Proposition 4.2. Let n> 2k, and
r(k, n)=
n−k−1∑
j=k+1
α(j)−
n−1∑
j=2k+1
α(j).
The quaternionic Grassmann manifoldGk(Hn) does not immerse into the Euclidean space
of dimension 8k(n− k)− 4k+ 2r(k, n)− 1, and does not embed into the Euclidean space
of dimension 8k(n− k)− 4k + 2r(k, n).
Remark.
(i) Proposition 4.2 implies for k = 1 that the quaternionic projective space HPn does
not immerse into R8n−2α(n)−3, and does not embed into R8n−2α(n)−2. This is a well-
known result (see, e.g., [14]).
(ii) With k = 2,3 we find that G2(Hn) does not immerse into the Euclidean space of
dimension 16(n − 2) − 2α(n − 1) − 2α(n − 2) − 3, and that G3(Hn) does not
immerse into the Euclidean space of dimension
24(n− 3)− 3− 2(α(n− 3)+ α(n− 2)+ α(n− 1)).
These results were proved by Paryjas [19] by using the nonimmersion Theorem 2.1
and explicit computations in the cohomology of Gk(Hn).
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5. The real Grassmann manifolds Gk(Rn)
The real Grassmann manifold Gk(Rn) is orientable if and only if n is even, and it
is a spin manifold for k odd and n ≡ 0 mod4 or for k even and n ≡ 2 mod4. Since
dimGk(Rn) = k(n− k) and our methods only work for even dimensional manifolds we
consider only the case G2k(R2n) with n odd. Let e1, . . . , e2n denote the canonical base
of R2n and let any eiϕ ∈ S1 act on R2n by eiϕ · e2j−1 = cos(jϕ)e2j−1 + sin(jϕ)e2j and
eiϕ · e2j = − sin(jϕ)e2j−1 + cos(jϕ)e2j , j = 1, . . . , n. This action defines a smooth
S1-action on G2k(R2n) with fixed points Pi1···ik = [e2i1−1, e2i1, . . . , e2ik−1, e2ik ], where
16 i1 < i2 < · · ·< ik 6 n (see [22, Proposition 2.1]).
The tangent bundle of G2k(R2n) is equivariant isomorphic to Hom(γ2k, γ⊥2k), where
γ2k is the canonical vector bundle over G2k(R2n) and γ⊥2k denotes the orthogonal
complement of γ2k . We get a natural orientation of Hom(γ2k, γ⊥2k) if we take for
any X ∈ G2k(R2n) an orthogonal base a1, . . . , a2k of X and extend it to an oriented
orthogonal base a1, . . . , a2k, b1, . . . , b2n−2k of R2n. The homomorphisms f1,1, f1,2, . . . ,
f1,2n−2k, f2,1, . . . , f2k,2n−2k ∈Hom(X,X⊥) with fij (aµ)= δiµbj define an orientation of
Hom(X,X⊥)=Hom(γ2k|X,γ⊥2k|X).
If X = Pi1···ik , let (a1, . . . , a2k) = (e2i1−1, . . . , e2ik ) and (b1, . . . , b2n−2k) = (e2j1−1, e2j1,
. . . , e2jn−k ), where {j1, . . . , jn−k} ∈ {1, . . . , n}\{i1, . . . , ik} and j1 < j2 < · · · < jn−k. A
short computation shows that the rotation numbers at Pi1···ik are the integers jν + iµ and
|jν − iµ|, µ ∈ {1, . . . , k}, ν ∈ {1, . . . , n − k}, and the orientation of Pi1···ik is equal to
(−1)W(i1,...,ik ) where W(i1, . . . , ik) is defined as above. The canonical real vector bundle
γ2k has at Pi1···ik rotation numbers i1, . . . , ik .
As in the case of the quaternionic Grassmann manifold we use an α in the complex
representation ring of the structure group O(2k) of γ2k to construct an element α(γ2k) of
the complex equivariant K-group of G2k(R2n). Let T2k be the maximal torus of SO(2k),
such that g ∈ T2k is a matrix
cosϕ1 − sinϕ1
sinϕ1 cosϕ1 0
. . .
. . .
cosϕk − sinϕk
0 sinϕk cosϕk

.
There exists an element α in the complex representation ring of SO(2k) such that the
character of α takes on g the value
∏k
j=1(eiϕj + e−iϕj ). The element α(γ2k) which is
adjoined to γ2k by α is actually a linear combination of exterior powers of γ2k ⊗ C, and
is therefore the complexification of an element in KO(G2k(R2n)). This fact shall be used
later. We take z = ch(α(γ2k)). The restriction of the S1-action on α(γ2k) to the fibre over
the fixed point Pi1···ik gives rise to an element of the complex representation ring of S1 with
character
∏k
ν=1(giν + g−iν ).
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Now we are in the position to write down the element γ (g, t) for all positive integers t
and all g ∈ S1:
γ (g, t)=
∑
16i1<···<ik6n
k∏
κ=1
(gtiκ + g−t iκ )
∏
κ,λ
(
1
g−(jλ−iκ )/2 − g(jλ−iκ )/2
× 1
g−(jλ+iκ )/2 − g(jλ+iκ )/2
)
=
∑
16i1<···<ik6n
k∏
κ=1
(gtiκ + g−t iκ )
∏
κ,λ
1
(gjλ + g−jλ )− (giκ + g−iκ ) .
This expression is the same as in the case of the quaternionic Grassmann manifold
Gk(Hn), and we can take the results of Section 4 to obtain non-immersion results for
G2k(R2n). The results on non-immersion and non-embedding of the real Grassmann man-
ifolds now follow from Propositions 2.1. and 2.2 and the remark that z ∈ chO(G2k(R2n)).
Proposition 5.1. Let k, n be positive integers, n odd and 2k < n, and
r(k, n)=
n−k−1∑
j=k+1
α(j)−
n−1∑
j=2k+1
α(j).
(a) The real Grassmann manifoldG2k(R2n) does not immerse into the Euclidean space
of dimension 8k(n− k)− 4k+ 2r(k, n)− 1 and does not embed into the Euclidean
space of dimension 8k(n− k)− 4k + 2r(k, n).
(b) If −2k + r(k, n)≡ 1,2 mod4, then G2k(R2n) does not immerse into the Euclidean
space of dimension 8k(n− k)− 4k + 2r(k, n)+ 1.
(c) If−2k+r(k, n)≡ 1,2,3 mod4, thenG2k(R2n) does not immerse into the Euclidean
space of dimension 8k(n− k)− 4k + 2r(k, n).
(d) If−2k+ r(k, n)≡ 1 mod4, thenG2k(R2n) does not embed into the Euclidean space
of dimension 8k(n− k)− 4k+ 2r(k, n)+ 2.
Remark. For the real Grassmannians a number of results exist by Oproiu [17,18], Hiller
and Stong [8], and Markl [13]. All authors use Stiefel–Whitney classes for the computation
of the lower bounds for the immersion dimension. Hiller and Stong compute the exact
immersion dimension for Gk(R2k) and Gk(R2k+1). In both cases our methods do not
apply. In those cases where is an overlapping of the results in Proposition 5.1 with those
of Oproiu, Hiller–Stong and Markl, it depends on k and n which of the estimates is
stronger. Let r denote a positive odd integer such that k + r 6 2s−1 and n = 2s − r .
According to Hiller–Stong G2k(R2n) does not immerse into the Euclidean space of
dimension 2k(2s+1 − 1) − 1. Proposition 5.1 yields that G2k(R2n) does not immerse
into the Euclidean space of dimension 2k(2s+1 − 1) − 1 + 2q(k,n), where q(k,n) =
k(2s+1 − 4r − 4k − 1)+ r(k, n). In order to simplify computations assume 3k + 2 6 n.
Then q(k,n)= k(2s+1−4r−4k− s−1)+∑kj=1(α(k+j)+α(r+j−1)). This equation
implies that q(k,n) > k(4λ + 1 − s) if k + r = 2s−1 − λ. A short computation gives
q(k,n)=−k, if λ= 0.
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For 3k 6 n and n odd Markl proves that G2k(R2n) does not embed into the Euclidean
space of dimension 4k(n− k)+ 4k. From Proposition 5.1 we know that G2k(R2n) does
not embed into the Euclidean space of dimension 4k(n − k) + 4k + 2s(k, n), where
s(k, n) = 2k(n − k − 2) + r(k, n). If n = 2t − 1 and k 6 2t−2, then s(k, n) = 2k(2t −
k − 2)− kt +∑2kj=1 α(j).
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